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Living systems are maintained out of equilibrium by external driving forces. At stationarity, they exhibit
emergent selection phenomena that break equilibrium symmetries and originate from the expansion of the
accessible chemical space due to nonequilibrium conditions. Here, we use the matrix-tree theorem to derive
upper and lower thermodynamic bounds on these symmetry-breaking features in linear and catalytic
biochemical systems. Our bounds are independent of the kinetics and hold for both closed and open
reaction networks. We also extend our results to master equations in the chemical space. Using our
framework, we recover the thermodynamic constraints in kinetic proofreading. Finally, we show that the
contrast of reaction-diffusion patterns can be bounded only by the nonequilibrium driving force. Our results
provide a general framework for understanding the role of nonequilibrium conditions in shaping the steady-
state properties of biochemical systems.
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Introduction.—Living systems operate away from
thermodynamic equilibrium, continuously harvesting and
consuming energy [1]. A key feature of out-of-equilibrium
living matter is the emergence of various selection phe-
nomena, i.e., biochemical states are populated not only
according to their energies, but also to kinetic features [2–
7]. As a consequence, nonequilibrium settings can break
equilibrium energetic symmetries, even if the intimate
connection between symmetry breaking and dissipation
is still elusive. Only in recent years, a growing amount of
work has focused on highlighting such a link in determined
contexts. For example, nonequilibrium conditions have
been proven to be crucial to achieve low-error copying
mechanisms that preserve DNA and RNA information with
an efficiency constrained by the driving force [8–11].
Furthermore, biological systems attain high sensitivity
during sensing through nonequilibrium processes
[12,13], and the bistability of biochemical states, which
is crucial for signaling, can be exploited only away from
equilibrium [14]. Also, the newly discovered mechanism of
ultra-affinity in chaperone activity is genuinely out of
equilibrium and bounded by thermodynamic properties
[15,16]. On a larger scale, spatial symmetry may be broken

by reaction-diffusion patterns, whose emergence is
associated with dissipation in the form of energy and
information [17,18].
From a broader perspective, the celebrated thermody-

namic uncertainty relations set a universal link between
dissipation and performance of biological systems, bound-
ing the accuracy of any stochastic current in terms of
entropy production [19,20]. However, interesting features
are usually not limited to the statistics of currents, as for
most of the cases mentioned above.
A more general, yet not exhaustive, approach to the quest

of understanding the role of dissipation in biochemical
systems has been inspired by network theory. Kirchhoff’s
law on currents has been applied to study thermodynamic
constraints in metabolic networks [21–24], and the repre-
sentation of stationary states in terms of spanning trees
[25,26] has been shown to be a powerful tool to derive
thermodynamic and structural constraints on nonequili-
brium response [27,28], and connect thermodynamics with
kinetic features [29–32].
In this Letter, we give a unified description of thermo-

dynamic bounds on nonequilibrium symmetry breaking in
biochemical systems. By taking advantage of the network
representation of stationary states, we derive thermody-
namic bounds for the ratio of probabilities of any two states
(or set of states), which is a measure of selection and, as
such, a quantification of the breaking of equilibrium
symmetries. We show that these bounds depend solely
on network geometry and equilibrium properties, and
notably not on the kinetics, as they can be determined
by individual spanning trees (for which detailed balance
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always holds). The derivation of an upper and lower bound
(sandwich inequality) allows us to write down a non-
equilibrium phase space, i.e., a region of the chemical space
in which any feasible stationary solution must lie. These
results hold for both closed and open catalytic isomer-
ization networks described in terms of rate equations. In the
case of small number of molecules or formation of
complexes, our findings can be extended to chemical
master equations, providing upper and lower bounds to
the ratio of correlation functions of any order for general
chemical reaction networks (CRN).
These thermodynamic bounds can be applied to an

immense variety of symmetry-breaking mechanisms in
biochemical systems. First, we rederive in a straightforward
way the constraints on kinetic proofreading [8,9]. Then, we
show that the contrast of reaction-diffusion (RD) patterns is
limited by the thermodynamic driving force, highlighting a
fascinating connection between observations and nonequi-
librium conditions.
Results.—Consider a reversible catalytic isomerization

network (with unimolecular and catalytic reactions) of N
species whose probabilities follow a rate equation:

d
dt

pi ¼
X
jð≠iÞ

ðk̂ijpj − k̂jipiÞ; ð1Þ

where pi is the probability of the species i, i.e., its
concentration, ci, divided by the total concentration. The
transition rate from j to i might be nonlinear, i.e., k̂ij ¼
ωijðpÞkij, with ωijðpÞ ¼ ωjiðpÞ and p ¼ fp1;…; pNg, the
instantaneous solution of Eq. (1). Here, ωijðpÞ encodes
catalytic effects and kij satisfies local detailed balance,
kij=kji ¼ eβðFij−ΔEijÞ [33]. ΔEij ¼ Ei − Ej is the energy
difference between states i and j, andFij the nonequilibrium
driving force on the edge ðijÞ. At equilibrium,Fij ¼ 0 for all
edges, and the stationary solution coincides with the
equilibrium Boltzmann distribution, peq

i ∝ e−βEi . Out of
equilibrium, the steady-state solution pss

i depends on non-
linear kinetics and topology of the system, not only on state
energies. The nonequilibriumdriving can originate from any
source, e.g., chemical potential difference [8,9], thermal
gradient [34,35].
When all the rates are linear, pss

i can be written in
terms of spanning trees according to matrix-tree theorem
[25,26]. In the nonlinear case, all steady-states satisfying
ωijðpssÞ ≠ 0, ∀ i; j [36], can be written through the
following spanning-tree decomposition

pss
i ¼ N

X
μ

AiðTμ;pssÞ; ð2Þ

where N is the normalization factor, and AiðTμ;pssÞ the
product of the rates of the μth spanning tree Tμ, directed
toward the state i, with the sum running over all possible

spanning trees. Since AiðTμ;pssÞ depends on pss in the
nonlinear case, Eq. (2) provides a closed-form solution only
for unimolecular networks, while it must be solved self-
consistently in all other cases. Equation (2) can be verified
by substituting it into Eq. (1).
To gain intuition about the relevance of spanning trees,

consider the ratio Keq
ij ðTμÞ≡ AiðTμ;pssÞ=AjðTμ;pssÞ. It

corresponds to the product of the ratios between forward
and backward rates along each edge of the reaction path-
way connecting i and j and belonging to Tμ. Indeed, all
edges outside this reaction pathway cancel out in the ratio.
Moreover, for each Tμ, the reaction pathway connecting
any two states is unique. We remark that any ratio of
forward and backward transition rates along the same edge
is k̂lm=k̂ml ¼ klm=kml since nonlinear terms are symmetric.
Finally, due to the local detailed balance, Keq

ij ðTμÞ is a
pseudoequilibrium quantity, as it does not depend on the
kinetics but only on thermodynamic properties. In Fig. 1,
we show a simple example.
The main result of this Letter gives an upper and lower

bound on the ratio of probabilities of any two stable steady-
states [37,42] of a catalytic isomerization CRN, i and j, in
terms of pseudoequilibrium quantities:

min
fTμg

½Keq
ij ðTμÞ� ≤

pss
i

pss
j
≤ max

fTμg
½Keq

ij ðTμÞ�: ð3Þ

The derivation relies on the implicit solution in Eq. (2),
noting that nonlinearities disappear when taking ratios of
forward and backward rates [42]. Naively speaking, the
maximization (minimization) over all possible spanning
trees amounts to maximize (minimize) over all possible
reaction pathways connecting i to j. The ratio of steady-
state probabilities is thus bounded from both sides by the
extremal pseudoequilibrium values it can take, which are
sheer thermodynamic quantities independent from

(a) (b)

(c) (d)

FIG. 1. (a) A four-state reaction network, where edges encode
nonlinear mechanisms. (b) All spanning trees, and the directed
tree to 1 from the third spanning tree. (c) Steady-state repre-
sentation using directed trees. (d) The ratio of two directed trees
(to state 1 and 4) obtained from the same spanning tree gives a
unique reaction pathway without nonlinear terms.
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nonlinearities of reactions and nonequilibrium kinetics
[43]. However, Keq

ij ðTμÞ depends on the nonequilibrium
driving force along the corresponding pathway from j to i
and its logarithm equals the associated entropy production
into the environment [44]. As expected, at equilibrium all
reaction pathways give the same contribution due to the fact
that detailed balance holds, thus upper and lower bounds
coincide and are both saturated. This result generalizes
similar findings obtained in [45] for a specific case, and in
[46] only for linear reaction networks. Below, we show that
it can be further extended to sets of states, open CRN, and
chemical ME.
In Fig. 2(a), we show a pictorial representation of a CRN

(where edges can represent nonlinear rates), highlighting
the spanning tree determining the upper bound on the
symmetry breaking between pss

i and pss
j , Tmax. Figure 2(b)

presents (in green) the resulting nonequilibrium phase
space. At equilibrium, this region collapses into a single
line whose slope is determined by the Boltzmann factor
e−βΔEij . Out of equilibrium, we have Keq

ij ðTmaxÞ≡ Kmax
ij ,

and analogously we define Kmin
ij . These bounds determine a

region in which steady-state probabilities must lie inde-
pendently of their kinetic features. Noticeably, for high-
dimensional spaces, the nonequilibrium phase space is a
cone whose boundaries are given by bounds on ratios of all
pairs of states. Conservation laws, such as mass conserva-
tion, shall be introduced as hyperplanes that reduce the
accessible region and dimensionality of phase space. In
presence of absolute irreversibility (e.g., unidirectional
transitions), a spanning-tree representation cannot be in
general obtained [47,48].
Equation (3) can be readily generalized to evaluate the

selection between two groups of states S ¼ fs1;…; sNg
and Σ ¼ fσ1;…; σMg, hence quantifying symmetry break-
ing between coarse-grained chemical macrostates. For the
upper bound, we have [42]

P
N
i¼1 p

ss
siP

M
i¼1 p

ss
σi

≤ max
fTμg

�P
N
i¼1 K

eq
sisN ðTμÞP

M
i¼1K

eq
σiσMðTμÞ

Keq
sNσMðTμÞ

�
; ð4Þ

where we (arbitrarily) selected sN and σM as reference
states. The lower bound can be obtained by maximizing the
inverse ratio in the lhs of Eq. (4).
Open CRN.—In the most general case, chemical net-

works are connected to external reservoirs that keep the
concentrations of some chemicals c̄m fixed. These cou-
plings lead to additional terms in the rate equation:

d
dt

ci ¼
X
jð≠iÞ

ðk̂ijcj − k̂jiciÞ þ
X
m

ðwimc̄m − wmiciÞ; ð5Þ

where ci indicates the concentrations of the species i. The
spanning tree representation cannot be directly applied, as
the chemostatted species are not dynamical variables. How-
ever, by merging them into a single moiety c̄e ¼

P
m c̄m,

the effective transition rate from e to i through the transition
channel m becomes wimc̄m=c̄e [42]. Using this identifica-
tion, the resulting rate equation can be solved with the
spanning-tree approach (for steady states with nonvanish-
ing species concentrations), substituting the normalization
condition with a constraint on the fixed concentration c̄e.
As a consequence, the bounds shown above can be equally
derived for open catalytic isomerization networks.
Kinetic proofreading.—Living systems encode informa-

tion in the form of RNA and DNA. Genome duplication,
translation, and transcription are processes that use this
information to select the correct substrate (e.g., nucleotides,
codons) with high fidelity, ensuring the survival of the
organism [49]. Since the accuracy of this selection is
severely limited by equilibrium constraints, Hopfield pro-
posed the existence of energy-consuming intermediate
steps that favor kinetic discrimination. The simplest non-
equilibrium model for proofreading considers an enzyme E
that can bind wrong (W) or right (R) substrates, forming
complexes. These can be in a passive (EW and ER) or
active (EW� and ER�) state, e.g., due to ATP hydrolysis.
Therefore, the transition from passive to active complexes
is driven out of equilibrium by a chemical potential Δμ
[Fig. 3(a)]. It has been shown that the energetic cost of
performing a cycle [8,9] constrains the proofreading
performance, i.e., η≡ pEW�=pER� ≥ exp ½−βðϵþ ΔμÞ�. In
its original formulation, this bound results from an opti-
mization on reaction rates. Here, by employing the thermo-
dynamic bounds, we have

min
fTμg

�
AEW� ðTμÞ
AER� ðTμÞ

�
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

η−¼ηεe−βΔμ

≤ η ≤ max
fTμg

�
AEW� ðTμÞ
AER� ðTμÞ

�
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

ηþ¼ηεeβΔμ

; ð6Þ

where ηε ¼ e−βε is the equilibrium error rate due to
energetic discrimination [see Fig. 3(b)]. The driving force
can either increase or suppress the error rate, depending on

(a) (b)

FIG. 2. (a) In black, the spanning tree providing the upper
bound on pss

i =p
ss
j , Tmax, and its corresponding pathway Tij

max in
blue. Dashed lines represent all other edges of CRN. (b) The
nonequilibrium phase space is bounded by pseudoequilibrium
quantities, Kmax =min

ij , evaluated from Tmax =min.
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the kinetic properties of the network, as shown in Fig. 3(c).
Our approach recovers the infinite-energy Hopfield rate and
can be readily used to find thermodynamic bounds on
multistage proofreading [42], a process with too many
parameters to be bounded via optimization.
RD patterns.—Originally illustrated in the seminal work

of Turing [50], the instability of the homogeneous fixed
point in reaction-diffusion systems, with the consequent
emergence of spatial patterns, attracted huge attention
[51–53]. RD patterns have also been analyzed from a
thermodynamic perspective and their onset classified as a
nonequilibrium phase transition [17]. Recently, Brauns
et al. [54] proposed a phase-space geometric approach
to study pattern formation of mass-conserving reaction-
diffusion systems. Consider the following dynamics for
concentrations u and v:

∂tu ¼ Du∇2uþ fðu; vÞ;
∂tv ¼ Dv∇2v − fðu; vÞ: ð7Þ

The reaction term fðu; vÞ contains all the transitions

connecting u and v, i.e., fðu; vÞ≡P
iðk̂ðiÞuvv − k̂ðiÞvuuÞ, with

(i) indicating the reaction channel, while Du and Dv are
diffusion coefficients. In [54], it is shown that all the values
of concentrations explored by a spatially extended pattern
must be embedded between the intersection of the reactive
nullcline, fðu; vÞ ¼ 0, and the flux-balance subspace,
DuuþDvv ¼ η0, where η0 is a constant determined by
the total turnover balance. Since the reactive nullcline is
determined by steady-state solutions, it must be embedded
inside the nonequilibrium phase space. Here, we study
which limits to RD patterns may be set only according to
the laws of thermodynamics.
In Fig. 4(a), we show the system under investigation.

Figure 4(b) shows, in red, the maximum and mini-
mum accessible values of u and v in the pattern. The

thermodynamic bounds on (u=v) at stationarity determine
the nonequilibrium phase space to which the concentrations
must belong. The intersections between these bounds and
the flux-balance subspace define the extremal accessible
values for u, u�max =min [see Fig. 4(b)]. From [42]:

umax

umin
≤
u�max

u�min
≤ eβΔμ; ð8Þ

where βΔμ is the nonequilibrium driving force provided by
ATP hydrolysis. The rightmost equality is reached when the
system is dominated by the nonlinear pathway, while the
leftmost equality is attained when Du=Dv → 0, i.e., uni-
form concentration of v.
At this point, we define the pattern contrast (or visibility)

as Cx ¼ ðxmax − xminÞ=ðxmax þ xminÞ, with x ¼ u, v From
Eq. (8), we readily obtain [55]:

Cu ≤ tanh

�
βΔμ
2

�
: ð9Þ

This inequality immediately tells that pattern formation is a
sheer consequence of nonequilibrium conditions, as at
equilibrium the accessible space shrinks into a line and
Cu goes to zero. Moreover, we only need to know the
thermodynamic force driving the system out of equilibrium
to bound the contrast of a pattern, independently of the

(a)

(b)

(c)

FIG. 3. (a) Proofreading network driven out of equilibrium by a
chemical potential Δμ associated with fuel-to-waste conversion.
(b) Spanning trees defining upper and lower bound of error rate,
η≡ pEW�=pER� . (c) Blue points are error rates of the proof-
reading network with random kinetic parameters but the same
thermodynamic bounds (red and blue lines). Dashed-yellow line
shows error rate under equilibrium discrimination.

FIG. 4. Thermodynamic bound on contrast of RD patterns.
(a) Model system under investigation, driven out of equilibrium
by ATP hydrolysis. (b) Thermodynamic bounds (in blue)
determine the nonequilibrium phase space and contain the range
of the observed pattern (in red). (c) Pattern visibility is upper
bounded by Eq. (9). In subpanel, we plot patterns corresponding
to colored circles.
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details of the kinetics. In Fig. 4(c), we numerically check
Eq. (9) in our example. A tighter thermokinetic bound for
Cu can be found by adding information about diffusion
coefficients [42]. Although we inspected a simple two-state
system, the presented approach is valid for any mass-
conserving RD system.
Chemical ME.—CRNs with small number of molecules

or formation of complexes are impossible to describe using
Eq. (1). Nevertheless, it is always possible to write down a
chemical ME, where each state is n ¼ fn1;…; nNg, i.e., the
number of molecules of each of the N species. Its solution
can be found using the spanning-tree method in the entire
chemical space. Employing the same methodology leading
to Eqs. (3) and (4), we can bound the ratio between
correlation functions of any order [42]. For lth order
correlations, we have

hni1…niliss
hnj1…njliss

≤ max
fTμg

�P
nalK

eq
ðil;alÞ;ðil;LÞP

nalK
eq
ðjl;alÞ;ðjl;LÞ

Keq
ðil;LÞ;ðjl;LÞ

�
; ð10Þ

where the dependence on Tμ has been omitted for clarity.
Here, il ¼ ði1;…; ilÞ, al ¼ ða1;…; alÞ, and Keq

ðil;alÞ;ðil;LÞ is
evaluated from the pathway connecting the states in which
il ¼ al and il ¼ L, an (arbitrary) reference state. In [42],
we show that Eq. (10) can be upper bounded by one single
pathway. When l ¼ 1, Eq. (10) bounds the ratio of average
concentrations, as in Eq. (3). When l ¼ 2, the thermody-
namic bound applies to the ratio of correlations and might
be useful to study how couplings inferred from correlation
matrix (e.g., using a maximum-entropy approach [56–58])
depend on nonequilibrium conditions. Equation (10) is
manifestly similar to Eq. (4) and the lower bound can be
obtained from the inverse ratio. A detailed analysis of
applications and criticalities of these thermodynamic
bounds for chemical ME is left for future studies.
Discussion.—In this Letter, we derive upper and lower

thermodynamic bounds on quantities that assess how much
equilibrium symmetries are broken by nonequilibrium
drivings. We presented two simple systems in which our
framework provides interesting results, in particular high-
lighting the bound on pattern contrast solely as a function
of the thermodynamic force. The general advantage of our
findings is that they are independent of nonlinear reaction
terms and kinetics, usually very important to understand
systems operating away from equilibrium. As such, unrav-
eling a reformulation of these bounds in the contexts of
information thermodynamics might pave the way to under-
stand thermodynamic constraints on chemical information-
processing devices [59,60].
Countless examples of selection phenomena have proven

to be relevant in as many different contexts. Surely enough,
the generality of our results will be a powerful tool to
understand potentialities and limitations of nonequilibrium
conditions in shaping the steady-state properties of

biochemical systems. Indeed, nonequilibrium drivings
expand the accessible chemical space, enabling living
systems to adapt to various nonlinear mechanisms and
exhibit complex behaviors. For example, the emergence of
chiral symmetry breaking in thermodynamically consistent
CRN is an intriguing open problem in which the role of
nonequilibrium conditions has not been thoroughly
explored yet [61]. On theoretical grounds, our results might
contribute to the promising research on sandwich inequal-
ities [46,62,63].
Finally, the approach employed for catalytic isomer-

ization networks might be extended to deal with CRNs
represented by hypergraphs [64], underscoring the broader
relevance of an accessible chemical space shaped by
nonequilibrium drivings.
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