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We develop an exact finite-perturbation response theory for the higher-order statistics of general state observables in nonequilibrium
Markov networks. For local perturbations, the moment generating function obeys an exact nonlinear response identity in the perturba-
tion strength, controlled by a single kinetic parameter a. This induces an exact nonlinear map for the cumulant generating function and
closed expressions for finite responses of all cumulants through partial Bell polynomials. As a central application, we obtain a complete
theory of variance control, including sharp saturation limits, a classification of monotone-suppression and sign-reversal regimes, and
mean-first-passage-time design principles for optimal noise suppression. The same framework yields exact formulas for operational and
symmetrized response resolution along the accessible control branch. A four-state gene-regulation model illustrates how local kinetic

control suppresses the occupancy noise of a transcriptionally competent promoter state.

Introduction

Response theory describes how observables change when a sys-
tem is perturbed. Near thermal equilibrium and for weak perturba-
tions, the fluctuation—dissipation theorem provides a general relation
between linear response and spontaneous correlations [1,2]. Far from
equilibrium or for finite parameter changes, this relation is no longer
valid. However, these conditions are common in driven physical,
chemical, and biological systems, including molecular transport [3],
biochemical sensing [4—6], adaptation [7], gene regulation [8], and
general biochemical processes [9], where sustained fluxes require
continuous energy input and experimentally relevant controls are of-
ten not infinitesimal [6,7,10—12].

Over the past two decades, nonequilibrium response theory has
developed rapidly along two complementary directions. Trajectory-
based approaches [13—17] analyze how path probabilities change un-
der a perturbation and typically involve some dynamical quantities,
such as the so-called dynamical activity or frenesy [18,19]. In recent
years, this viewpoint has led to universal response identities and
bounds for nonequilibrium and time-dependent processes [20—30].
Another direction focuses on state observables in nonequilibrium
steady states and formulates response directly in terms of stationary
probabilities, network topology, and thermodynamic constraints,
avoiding incorporating explicit dynamical quantities, thereby making
it in principle more experimentally accessible [31-35]. In particular,
reference [35] developed a framework for the response of mean val-
ues of state and current observables to arbitrarily strong perturbations,
extending earlier static-response relations formulated for infinitesi-
mal perturbations to finite control. Experimentally, the two approach-
es require very different data. By construction, any trajectory-space
response compares path probabilities and therefore requires pathwise
kinetic information, appearing as dynamical activity or frenesy, traf-
fic and escape-rate contributions, or an equivalent likelihood-ratio ob-
servable. Quantitative evaluation generally requires time-resolved da-
ta and substantial knowledge of the transition dynamics, making it
difficult for snapshot-only or partially observed experiments. By con-
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trast, the finite stationary framework of Ref. [35] can be calibrated
from steady-state measurements under controlled perturbations, with-
out reconstructing pathwise dynamical activity. However, it has so far
addressed only mean observables. This leaves open how finite pertur-
bations change higher-order fluctuations. Variance determines noise
and reliability, while higher cumulants describe asymmetry, intermit-
tency, and non-Gaussian tails. These quantities can be as important as
the mean in biochemical sensing, gene regulation, and stochastic
transport.

Here, we close this gap by establishing an exact and universal fi-
nite-response theory for the higher-order steady-state statistics of gen-
eral state observables. We derive exact nonlinear response identities
for the moment generating function (MGF) and cumulant generating
function (CGF) and closed finite-control formulas for cumulants of all
orders under arbitrarily strong local perturbations. We then specialize
this framework to noise control. The variance is a concave quadratic
in the universal gain g, which yields sharp saturation limits, a com-
plete classification of monotone-suppression and sign-reversal
regimes, and mean-first-passage-time (MFPT) design principles for
optimal control. We further analyze response resolution along the ac-
cessible control branch and illustrate the theory with a minimal gene-
regulation model, where local kinetic control suppresses the occupan-
cy noise of a transcriptionally competent promoter state.

Setup

Consider an irreducible continuous time Markov chain on N states
with generator W (column-sum-zero convention: W;; >0 for i# j,
W;j==>"..;W;;) and unique steady state x satisfying Wa = 0. For a
state observable f, the steady-state average is (f) =, fir;. We de-
note the directed traffic by ¢,,, = W,,,m, and the MFPT from state j to
state i by (t;;). Throughout, the two-index rate and traffic subscripts
are destination-first: W, and ¢,,, refer to the transition n — m. Tran-
sition rates are parametrized as W;; =e™ with A;; = B;;—E;— F;;/2,
where B;; = B;; are symmetric barriers, E; are vertex energies, and
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F;;=—Fj are driving forces [20,31,35]. The three archetypal local
perturbations are: A-type (single-rate): A,,, = A, +4, changing W,,,
only; B-type (edge-symmetric): B,, — B,,+4, changing both W,,
and W,,; and E-type (vertex): E, — E, +4, changing all exit rates
from state m.

For any state observable f and any of the three perturbation types
(X e{A,..,Bu,E,}), we established in Ref. [35] the exact finite-re-
sponse identity

Af) = g(d;ax) 0x{f), 1)
where A(f) := (f)’ —(f) and the universal gain is
el-1
gdia) = et @)

The kinetic parameter a €[0,1] depends only on the perturbation
type,

Bunnam)s X=Aum,
a){ = ¢"Ul<tﬂm> + ¢nm<tmn>a X = Bﬂlll’ (3)
Ty X=E,,

and, for generic a € (0,1), the two strong-control limits are

1
g o= lim gdsa)= —, go=limgd;a)= ——. 4)
A——co0 a A—0c0 1-a

Since
dg e/

U fa+r(d-aep

s

the full finite-control response curve is parameterized by the compact
interval g €[g_..,8~]. Below we keep the 4 >0 branch when dis-
cussing monotonicity with respect to the physical control parameter,
but the globally optimal noise suppression over the full response
curve requires comparing both strong-control endpoints. The bound
a €[0,1] follows from the MFPT-traffic inequality of Ref. [35] for A-
and B-type perturbations and from the normalization x,, € [0, 1] for E-
type. Physically, @ measures how strongly the perturbed local kinet-
ics is embedded in the global steady-state flow: @ — 0 when bypass-
es dominate, while @ — 1 in gateway or bottleneck limits.

Exact Nonlinear Response for the CGF and Cumulant
Hierarchy
Let O be a state observable and define its MGF as
ZW=E) =) . )
Because e is itself a state observable for every fixed A, equation (1)
applies for all A simultaneously,

Zi(D) = Zo(D) + g ax) 9x Z(A). Q)

Connected fluctuations are encoded in the CGF [36] K(1) =
InZ(1) = anl k,A"/n!. Combining Z =e* with Eq. (6) yields the
exact nonlinear response map

AK () = In[1+ g(d: @) K (D). 0

Writing dxK(1) = an] u,A"/n! with u, =0dxk, and expanding the
logarithm generates the exact Bell-polynomial hierarchy [37,38]

A= (=1 (p= 1)1 Byttt ). ®)

p=1

For example, B,,_l =U,, BZ,Z = M%, B3,2 = 31/[1”2, B3y3 = l/l?, B4’2 = 4M]1/l3+
3u3, By;=6ulu,, and By, = uj}; substituting these coefficients into
Eq. (8) gives the formulas below. The coefficient extraction is shown
step by step in Section III of the Supplemental Materials (SM). The

first four orders are

Ak =guy, (%a)

Aky = gu, — g°us, (9b)

Aks = guy — 3g2u1u2 + 2g3u?, (9¢)

Aky = guy— g (duus +315) + 12¢° 1l u, — 6g"u]. (9d)

Thus strong perturbations do not merely rescale fluctuations. Instead,
they mix cumulant orders in a universal and exactly controlled way.

Multiple Local Perturbations

For g independently parametrized local controls X, — X, +4,,, re-
peated use of Eq. (7) gives

q
KO =KW= In[1+g, U (). (10)

a=1

Here K@ is the CGF after the ath change, while g, = g(4,;a“™) and
U = Jy KV are evaluated in the preceding intermediate state.
Although the summands depend on the chosen ordering, their total is
the unique endpoint response. Thus, the exact single-control identi-
ties remain sequential building blocks at finite strength. More details
are given in Section IV of the SM.

Exact Variance Control and Noise Suppression

Among higher-order statistics, the variance is the standard mea-
sure of fluctuations and directly quantifies the noise and reliability of
a steady-state readout. We therefore specialize to variance control,
which allows us to derive design principles for optimal noise suppres-
sion. The variance obeys the exact nonlinear law

o) =K +gu,—gu;, g=gUia). (an

On the positive branch g € [0, g..], the strongest attainable control is
the saturation value

Ky, =Ky +gmu2—giuf, a2

Su=k—K = goo(gwuf —Uuy).

Hence the maximum noise suppression is determined completely by
three unperturbed quantities (a,u;,u,). The opposite strong-control
limit on the negative branch is

5% =K2+g—oouz—gio“%’ (13)

e EK =K = g_m(g_muf —uy).

Since k,(g) = k, + gu, — g2u? is a concave quadratic in g, the globally

optimal noise suppression over the full accessible response curve is
always attained at one of the two strong-control endpoints,

K = min{;™, 65}, Sop = Max{S_c, Seo}- (14
Equivalently, the positive endpoint is better than the negative one if
and only if

K <65° &= Qa-Did 2 a(l —a)u,. (15)

Hence the branchwise analysis below still applies exactly as written to
the 4 > 0 branch, while Eq. (14) completes it into a statement about
the full response curve.

The term u, is the direct linear noise susceptibility, whereas
—g*u? is a universal nonlinear inheritance from the mean response.
Noise suppression is therefore possible even when the linear response
predicts initial noise amplification.

The control parameter g., has a clear physical meaning. For an A-
type perturbation of the transition n — m, let 7, = 1/¢,,, be the mean
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Fig. 1. Kinetic leverage and actuation cost are both set by . (a) ForO<a < 1,
the closure of the accessible universal-gain interval is g€ [-1/a,1/(1 —a)]
(shaded); its endpoints are approached as 4 — —oco and 4 — +o0, respectively,
while g =0 at 4=0. The interval widens as @ — 0 (negative branch) and
a — 1 (positive branch). (b) For any fixed target gain g, there exists a thresh-
old (e.g., finite actuation at g =2 requires a > 1/2, while a = 1/2 is reached
only at the 4 — co endpoint), beyond which the required actuator strength
A(g, ) decreases with a. Local controls on kinetic gateways or highly occu-
pied vertices are therefore both stronger and cheaper.

interval between successive uses of that transition. Let 7°%° be the
mean time, starting from state n, until the next use of the directed
edge n — m; it includes any intervening excursions from and returns
to state n. The renewal MFPT decomposition of Ref. [35] is then
Ty = {lym) + 7%, Equation (3) then reads as =y, = (fun)/Tum> SO
that

1 Tmu 1 TVIUI
8w = = == (16)
1- [e9N Tmn [O9N <tnm>

Large g., therefore identifies kinetic gateways: most of the inter-event
time is spent in the return first-passage excursion rather than in the
subsequent edge-event waiting time. The two strong-control end-
points compare the same inter-event time with these two complemen-
tary renewal contributions. For B-type perturbations, ap adds the
analogous forward and backward excursion fractions and thus quanti-
fies the two-way bottleneck character of the edge; for E-type perturba-
tions, g% = 1/(1 - m,,), so frequently occupied vertices are the strongest
local levers. More generally, the perturbation needed to realize any
target gain g < g 1

1+ag } (17

1-(I-a)g

which decreases with « for fixed g. Thus, gateway edges or highly
occupied vertices are not only more powerful. They are also cheaper
to actuate at a fixed target response. Figure 1 visualizes this leverage
principle directly. Equation (11) yields the exact noise-control regimes.
If u, <0, then 0,4, = u, —2gu3 <0 for all g>0: the variance is
monotonically nonincreasing; except for the trivial case u; = u, =0, it
is suppressed monotonically, and the optimum is the saturation value
(12). If 0 < u, < g3, the variance is initially amplified but eventual-
ly suppressed. For u; # 0, the maximal-noise point and the sign-rever-
sal point are

Alg, @) = In [

Uy U
2 8st = v Apk/sr = A(gpk/sr’a)i (18)
1

o= S

with peak value &5 =k, +u/(4u?). If u; =0, the nonlinear inheri-
tance term vanishes and Eq. (11) reduces to the purely linear form
Ky(d) =k + guy. At gy the direct linear amplification u, is exactly
balanced by the nonlinear inheritance 2gu?; at g, the total noise shift
vanishes. The remarkable point is that g, and g, depend only on the
ratio u,/u?: kinetics enters only through whether these targets are ac-
cessible and how costly they are. Indeed, suppression on the positive
branch is possible iff g., > g, equivalently

M2
a>a.=1--L (u,>0), (19)
1253
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Fig. 2. Exact noise suppression and response resolution. (a) The variance ratio
ky(4)/Kk2(0) for two different observables in the same six-state model shows
sign-reversal and monotone-suppression behaviours. Blue dotted and dash-dot-
ted vertical lines mark the maximal-noise point and the sign-reversal point pre-
dicted by Eq. (18); horizontal dashed lines mark the exact 4 — co variance-ra-
tio endpoints 0.266 (blue) and 0.353 (orange). Both panels show 0 <4 <6,
corresponding for @ =5/7 to 0< g <3.470 within the full positive branch
0<g<gs=35; g=go is reached only as 4 — co. (b) The operational re-
sponse resolution R(4) and the symmetrized response resolution R(4) for
the same two observables of panel (a), which are bounded by sinh(4/2) and
sinh(4/4), respectively. Even when the variance is nonmonotonic, the corre-
sponding response resolution increases monotonically and approaches a sharp
saturation value.

with the obvious understanding that @, < 0 means suppression is al-
ready accessible for all @ € [0, 1]. For A-type control this becomes the
MFPT condition 7,, /7% > u,/u}. If instead g. <g,, the positive
branch never suppresses the variance: it may still be monotone-en-
hancing or show a finite-4 turnover, but it remains above the baseline
noise level throughout. Figure 2 shows both the sign-reversal and
monotone-suppression scenarios.

The saturation value itself carries a design message. Whenever
suppression is feasible one has

0S.

—= =2g. 1 —u, >0, (20)

08
so stronger kinetic leverage always improves the optimal attainable
suppression on a suppressing branch. Moreover, for a desired suppres-
sion amount S > 0 and generic u; # 0, the required gain solves

2 2
0= "VES (5= seS0. @)
1

while for the special case u; =0 one simply has g, = S/(-u,). Equa-
tion (21) makes the MFPT-based design principle explicit on the
A >0 branch: large @ reduces the actuation cost for any target sup-
pression and can be the difference between an inaccessible and an ac-
cessible control objective. For the full response curve, the globally op-
timal suppression is still fixed simply by Eq. (14), i.e., by comparing
the two strong-control endpoints.

A useful linear benchmark follows from applying the mean-
response bound of Ref. [35] to the nonnegative observable Q, =
(0, — k1)*, with k; = (O) the unperturbed mean held fixed under dy:

Oxlnky| <1, X=A4A,,,Bu.En, (22)
[ Ine|

with the stronger B-type bound |5, Ink,| < tanh(Fiox /4). Integrated

to finite 4, these give only loose exponential envelopes. The true non-
linear limit is Eq. (12).
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Response Resolution

Suppressing noise is only useful if the signal—the shift in the
mean—is not suppressed even faster. We therefore quantify how reli-
ably a finite perturbation can be distinguished from baseline against
its own noise, the response resolution. We use the operational ratio
defined in Ref. [35],

A
R(U) = | Ak, | _ g uil . 23)
Via () \/K2 +gu, — g2u?
which obeys the finite-control bound,
sinh(|4|/2), X=AE,
RA) < (24)
sinh(]4]/2)tanh(F™2 /4), X =B.

Here F7% denotes the largest cycle affinity among cycles that pass
through the perturbed edge. A complementary symmetrized ratio
compares the signal with the mean noise scale of the initial and final

steady states,
[Axi| _ g ui

A midpoint-splitting argument then yields a novel exact finite-control
bound

R(A) = (25)

~ sinh(|4|/4), X=AE,
RA) <

(26)
sinh(|4]/4) tanh(F™2, /4),

comn

X =B,

whose proof is given in the SM. The dashed curves in Fig. 2 show this
symmetrized quantity, while the gray dotted and dash-dotted curves
show the bounds sinh(4/2) and sinh(4/4), respectively.
On the positive control branch g € [0, g..], the gain is itself strict-
ly monotone, dg/d4 =e’/[a+ (1 -a)e’)* >0, so monotonicity in g
and in 4 are equivalent. For the operational ratio one finds (details in
SM)
% | 2k, + guy)
dg = 20U
where nonnegativity follows from 2k, +gu, = ky + kx(4) + g*u? > 0,
with strict inequality whenever u; # 0. Thus R(4) is monotone nonde-

creasing along the accessible branch even in the sign-reversal regime
where the variance itself is nonmonotonic. For the symmetrized ratio,

>0, g>0, (27)

d% |u]| 2K2 +gl/l2 >
— = | — 20, 28
d [ VK2 + Kz(A)]2 [ © 2 VKZ(A)} 28)

with the same nonnegativity mechanism, again strict whenever u; # 0.
Hence both response-resolution measures are monotone nondecreas-
ing with control strength on the accessible branch. Their exact satura-
tion values are obtained by setting g — go: Re = goliil/ V& and
Reo = gooltn|/ (V2 + V&G).

The higher cumulants follow the same bounded-gain logic. Every
Ak, (g) is a degree-n polynomial fixed by Eq. (8), and therefore has
exact strong-control values obtained by setting g — g_, or g = ge.
Skewness, kurtosis, and more general shape descriptors can thus be
optimized by solving finite-degree polynomial equations inside the
compact interval [0,g.]; representative examples are shown in the
SM.

Numerical Illustrations

All panels in Fig. 2 are computed exactly for a six-state two-basin
nonequilibrium network. Basin A ({0,1,2}) and basin B ({3,4,5})
each support a biased three-state cycle (forward rate 2.0, backward
rate 0.5) and are coupled by a weak asymmetric gateway edge 2 — 3
(rate 0.05) and 3 — 2 (rate 0.02). The perturbed parameter is the
A-type gateway rate on 2 — 3, for which the exact kinetic parameter
is a=5/7 and hence g.=7/2. The observable is O;=i for

i)
] !(2)

(a)
Unbound

t

o l Readout
sound (> <k, (A
Inactive Active
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Fig. 3. Noise control in gene regulation. (a) A minimal four-state model for an
active transcription-factor/promoter module, with a kinase acting as the B-type
control on the 0 & 1 activating edge. (b) Exact finite-control response of the
transcriptionally competent promoter occupancy O = (0,0,0,1) under B-type
control. The plotted 0 <4 <6 maps to 0 < g <2.573 within the full branch
0 < g < g = 2.59; the dashed and dotted lines are the exact 4 — oo endpoints,
corresponding in the common-scaling regime to [K]'/[K] — 0. The green sol-
id curve shows k,(4)/k,(0) and the green dashed line its strong-control limit;
the purple solid curve shows R(4) and the purple dotted line its saturation val-
ue R.. The output variance is monotonically suppressed and saturates at
K5 [ky = 0.22, while the operational response resolution grows monotonically
to R =~ 1.04.

the sign-reversal example in Fig. 2, and the three-level readout
0 =(0,0,1,0,1,2) for the monotone-suppression curve in Fig. 2. All
stationary distributions, MFPTs, and cumulants are obtained by direct
linear-algebra calculations.

Noise Control in Gene Regulation

Enzymatically controlled interconversion between inactive and ac-
tive molecular species is a ubiquitous motif in cellular signaling and
can act as tunable filters of fluctuations and information transmission
[39-41]. Tt also provides a route for regulating transcription-factor
(TF) activity and hence downstream gene expression [42]. Figure 3 il-
lustrates these ideas with a minimal four-state model for an active
TF/promoter module: 0 = (1,U), 1 =(A,U), 2=(I,B), and 3 = (A, B),
where A and [ refer to the active and inactive TFs, and U and B re-
fer to the unbound and bound promoters, respectively.

The system is controlled through a kinase, an enzyme that cat-
alyzes the activation of the unbound TF, converting it from the inac-
tive to the active state. As a catalyst, the kinase lowers the activation
barrier of this conversion, modulating the forward and backward rates
of the 0 & 1 edge by the same factor. This is precisely the B-type per-
turbation introduced above. In an enzyme-dominated common-scal-
ing regime, in which the two catalyzed rates share the factor W’ /W =
[K]'/[K], our convention W’ /W =e™ gives 4 =—In([K]'/[K]); hence
positive 4 corresponds to lowering the effective catalyst abundance.
More generally, 4 can be calibrated directly from the measured com-
mon rate-rescaling factor. The readout is taken to be the active-bound
state (state 3), with the binary form O =(0,0,0,1), in which the ac-
tive TF enhances the association of RNA polymerase and thereby
raises the gene-expression level. If transcription initiation from that
state occurs with rate r, then the mean RNA production rate is simply
rk1, so controlling «; and k, corresponds directly to controlling the
mean and noise of promoter competence. Because this observable
is binary, the entire steady-state distribution is Bernoulli and there-
fore fixed by a single number p(4) = k,(4) = mop(4); in particular,
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k(4) = p(MD[1 = p(4)] is maximal at p=1/2 and decreases as the
promoter becomes more decisively OFF or ON. The present control
branch drives the system away from half occupation toward a low-
noise OFF state.

For the parameter set in Fig. 3, the unperturbed kinetics give
a ~0.614 and hence g. ~2.59. The transcriptionally competent oc-
cupancy changes from p, =msp =~ 0.259 to the exact strong-control
limit p., ~0.0446. Correspondingly, the promoter—noise ratio is
strongly reduced, &5’ /k, =~ 0.222, so the maximal suppression is about
78%. At the same time the operational response resolution grows
monotonically to R., ~ 1.04, while the complementary symmetrized
ratio (not shown) saturates at R, ~0.333. This example therefore
provides a design rule: perturb the activation step with large kinetic
leverage « and with a response direction that moves the transcription-
ally competent promoter occupancy away from the high-noise mid-
point p = 1/2. Because the readout is binary, all higher cumulants are
simultaneously controlled as well.

Experimental Implementation

All inputs of the theory are measurable. Steady-state snapshots at
a few control strengths give the cumulants «,(4), with 4 known from
the measured rate rescaling. A weak control gives the slopes u,, be-
cause g(4;a)=4 to first order for every «. One finite strength 4.
then fixes @ from the mean shift alone [35],
Ki(4.) =k e 1
= ’ a =

29

. i et -1 g’
for u; #0. Equations (6) and (8) predict the full response of every
cumulant; the MFPTs that enter Eq. (3) are never measured. By
Eq. (6), the ratio [Z4, (1) — Zo(D]1/[Z 4, (1) — Zo(A)] is independent of
A, which tests the one-parameter form and determines a from two fi-
nite controls alone. Note that the measurement-induced extrinsic noise
is removed by the differences themselves: noise independent of the
state and the control shifts each measured cumulant by a control-inde-
pendent amount, which drops out of Ax,, and a detector gain or offset
cancels in Eq. (29). To implement this framework in the gene-regula-
tion example, we measure the fraction of cells in the transcriptionally
competent state at several kinase concentrations.

Discussion

We have developed an exact and universal theoretical framework
for analyzing higher-order steady-state fluctuations of state observ-
ables in nonequilibrium Markov networks under finite local perturba-
tions. The framework gives an exact nonlinear response identity for
the MGF and a closed relation for the CGF, which determines the fi-
nite response of every cumulant from unperturbed response coeffi-
cients and a single kinetic parameter. For the variance, we obtained
the full finite-control law, the strong-control limits, the conditions for
monotonic suppression and sign reversal, and universal bounds on re-
sponse resolution. The MFPT interpretation of the kinetic parameter
also identifies gateway transitions and highly occupied states as effec-
tive control points for noise suppression.
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